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Abstract 
 
Hall Plot Analysis for Horizontal Well Injectivity 
 
Yangyang Chen, M.S.E. 
The University of Texas at Austin, 2017 
 
Supervisor:  Kenneth Gray 
Co-Supervisor:  Hugh Daigle 
 
The Hall plot method, proposed by Howard Hall in the 1960s, is a widely-used tool 
for analyzing injectivity. Over the past decades, industry has been modifying the Hall plot 
method for applications in various scenarios such as formation damage and/or stimulation 
diagnosis, polymer injection, and gas injection. It has proved to be a simple, inexpensive, 
and effective way to diagnose changes in injectivity.  
However, such applications are limited to vertical wells. This study proposes a new 
formulation of the Hall plot method for analyzing horizontal well injectivity. A numerical 
simulation model was built in CMG to verify the proposed method. The Hall plot method 
for horizontal well was then used to study various scenarios with different extents of 
formation damage, numbers of damaged skin zones, and reservoir anisotropy conditions. 
The works carried out in this study confirm the applicability of the Hall plot method on 
analyzing horizontal well injectivity.  
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Chapter 1 Introduction 
1.1 OBJECTIVES OF THIS RESEARCH 
The Hall plot method, proposed by Howard Hall in the 1960s (Hall, 1963), is a 
widely-used tool for analyzing injectivity. It is a plot of pressure integral versus cumulative 
injection volume. Ideally, by observing changes in the slope of a Hall plot, one can obtain 
information about changes in injection conditions. The Hall plot method has proved to be 
a simple, inexpensive, and effective way to analyze injectivity. Although there have been 
many applications and modifications based on the original Hall method, these previous 
studies are restricted to vertical wells. As horizontal drilling has become more advanced 
and widely-accepted over the past years, being able to analyze horizontal well injectivity 
is important for optimizing injection and production. Therefore, this research aims to 
modify the original Hall plot method, apply it to analyze horizontal well injectivity, and 
study the comparison between horizontal and vertical well injectivity under both isotropic 
and anisotropic conditions.  
1.2 BRIEF DESCRIPTION OF CHAPTERS 
In Chapter 2, the background and formulation of the Hall plot method is reviewed 
first, followed by a discussion of its advantages and disadvantages. Several applications 
and modifications of the conventional Hall plot, including diagnosing formation damage 
and/or fracture propagation, polymer injection, gas injection, and slope analysis method 
are revisited. Then, to formulate the Hall plot method for analyzing horizontal well water 
injectivity, basic horizontal well theories are discussed.  
In Chapter 3, based on the theories reviewed in Chapter 2, the study derives a Hall 
plot method for horizontal wells. Simulation models that are used to verify the applicability 
of the method are delineated.  
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In Chapter 4, details on analyzing the simulation results using the Hall plot method 
are discussed. In addition, horizontal versus vertical well injectivity is compared using Hall 
plots, for both isotropic and anisotropic reservoirs. In Chapter 5, results, conclusions, and 
recommendations are briefly summarized.  
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Chapter 2: Literature Review 
2.1 CONVENTIONAL HALL PLOT METHOD 
Hall plot, proposed by Howard Hall in the 1960s, has been a simple and useful tool 
for monitoring the performance of an injection well. The main purpose of Hall’s work is 
to eliminate complications caused by varying pressure and injection rate. On the 
conventional Hall plot, the integral of surface injection pressure with respect to time is 
plotted against the cumulative water injection volume to monitor changes in injection 
conditions. The original Hall’s method was developed for steady-state, single phase, radial 
flow of a Newtonian fluid to a vertical wellbore. 
Hall started with using Darcy’s equation for single phase, steady-state, Newtonian 
flow of a well centered in a circular reservoir:   
                  𝑞 =  
𝑘𝑟𝑤𝑘ℎ(𝑃𝑤𝑓−𝑃𝑒)
141.2𝐵𝑤𝜇𝑤[ln(
𝑟𝑒
𝑟𝑤
)+𝑠]
,                    (2.1)    
where q is the water rate in STB/day, krw is the water relative permeability, k is the absolute 
permeability in mD, h is the reservoir thickness in ft, Pwf is the wellbore pressure in psi, Pe 
is the reservoir pressure in psi, 𝐵𝑤 is the dimensionless formation volume factor, rw is the 
wellbore radius in ft, and re the radius at water-oil front in ft, s is the skin factor (Hall, 
1963).  
 Hall assumed that Pe is constant over short periods and that ln(re/rw) can also be 
treated as a constant. Hall integrated both sides with respect to time to get 
  𝑊𝑖 =
𝑘𝑟𝑤𝑘ℎ ∫(𝑃𝑤𝑓−𝑃𝑒)𝑑𝑡
141.2 𝐵𝑤𝜇𝑤[ln(
𝑟𝑒
𝑟𝑤
)+𝑆]
,                (2.2)
where 𝑊𝑖 represents the cumulative water injected in barrel. He then used the relationship 
between wellhead pressure, hydrostatic pressure, and pressure drop in tubing:  
     𝑃𝑤𝑓 = 𝑃𝑡𝑓 + 𝐻𝜌𝑤 − ∆𝑃𝑡.                    (2.3)  
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(𝐻𝜌𝑤 − ∆𝑃𝑡) is considered constant so that only 𝑃𝑡𝑓 varies with time. Equation 2.2 can 
then be written as  
 ∫𝑃𝑡𝑓𝑑𝑡 =
141.2 𝐵𝑤𝜇𝑤[ln(
𝑟𝑒
𝑟𝑤
)+𝑆]
𝑘𝑟𝑤𝑘ℎ
𝑊𝑖 + ∫(𝑃𝑒 + ∆𝑃𝑡 −𝐻𝜌𝑤)𝑑𝑡.  (2.4)  
For simplicity, Hall dropped the second term on the right-hand side of Equation 2.4 and 
plotted the left-hand side, the integral of wellhead pressure with respect to time, versus 
cumulative injection. The plot came to known as the Hall plot, which is shown in Figure 
2.1. By plotting in this format, it can be observed that the plot is a straight line with slope  
                   𝑚𝐻 =
141.2 𝐵𝑤𝜇𝑤[ln(
𝑟𝑒
𝑟𝑤
)+𝑆]
𝑘𝑟𝑤𝑘ℎ
.     (2.5) 
As shown in Figure 2.1, the straight line represents the injectivity of an undamaged 
situation, where the skin factor S equals to zero in the expression of the slope m. If an 
injection well is stimulated, the slope decreases, and if a well is damaged, the slope 
increases.  
 
Figure 2.1: Hall Plot. (Buell et al. 1990)  
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2.2 THE ADVANTAGES AND DISADVANTAGES OF THE HALL PLOT 
Hall’s method has several advantages. First of all, since the Hall plot is a steady-
state analysis method and a continuous monitoring technique, it is capable of identifying 
changes in injection characteristics that occur over an extended period of time (Buell, 
1990). This characteristic separates Hall’s method from other transient methods such as 
falloff tests, injection tests, and type-curve analysis, all in which the reservoir properties 
are determined at one point in time. Secondly, integrating the pressure data 
(∫(𝑃𝑤𝑓 − 𝑃𝑒)𝑑𝑡) has a smoothing effect, which filters out short-term fluctuations of 
pressure and rate. Thirdly, data acquisition for generating a Hall plot is inexpensive, as 
only the recording of surface pressure and cumulative injection are required. Accounting 
for hydrostatic head and friction loss, surface pressure can then be converted to bottom 
hole pressure. On the other hand, transient methods, such as injection and falloff tests, 
normally require running gauges on wireline to depth, which could be much more 
expensive. 
However, in the conventional Hall’s method, the skin factor and transmissibility 
terms are combined in the slope. As a result, it is impossible to determine both parameters 
using a Hall plot if neither of them is known. Often, to use a Hall plot effectively, running 
falloff or injection tests periodically is still required in order to determine individual values 
of transmissibility and skin (Buell, 1990). 
2.4 APPLICATIONS AND MODIFICATIONS OF CONVENTIONAL HALL PLOT METHOD 
Since Hall proposed the original Hall’s method, industry has been applying and 
modifying the technique to monitor injectivity in various conditions. Several important 
extensions of the original Hall’s method are reviewed in this section. 
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2.4.1 Polymer Injection 
With the advance in enhanced oil recovery using polymer and micellar solutions, 
the injectivity of such solutions has become of interest to the industry. The interpretation 
of injection pressures and rates associated with polymer and/or micellar solution injection 
is important to the efficient application of the solutions (Buell et al. 1990). In 1990, Buell 
et al. demonstrated that the Hall plot can also be applied to analyze injectivity of polymer 
solutions and that in-situ and residual resistance factors of a polymer solution can be 
determined using this modified Hall method.  
As a waterflood begins, two-phase flow exists in the near-wellbore region, where 
water and oil banks form. Applying Darcy’s law in a series manner, the slope of the Hall 
plot for a water and oil bank can be expressed as 
𝑚𝐻 = (
141.2
𝑘ℎ
) {
𝜇𝑤𝐵𝑤[ln(
𝑟𝑏1
𝑟𝑤
)+𝑠]
𝑘𝑟𝑤
+
𝜇𝑜𝐵𝑜[ln(
𝑟𝑒
𝑟𝑏1
)+𝑠]
𝑘𝑟𝑜
},          (2.6) 
where rb1 is the interface between the oil and water banks and can be estimated from the 
Buckly-Leverett equation in radial coordinates: 
 𝑟𝑏1
2 =
5.615𝑊𝑖
∅𝜋ℎ
(
𝜕𝑓𝑤
𝜕𝑆𝑤
)𝐹 + 𝑟𝑤
2.                                (2.7) 
Due to the logarithmic nature of Equation 2.6, the water bank term will dominate when the 
oil bank is pushed away from the wellbore. Using a similar method, Buell et al. (1990) 
developed an equation for when the injected fluid is a non-Newtonian fluid, such as a 
polymer solution: 
𝑚𝐻 = 141.2 {
𝜇𝑤𝐵𝑤[ln(
𝑟𝑏2
𝑟𝑤
)+𝑠]
ℎ𝑘𝑎𝑘𝑟𝑤
+
𝜇𝑝𝐵𝑤[ln(
𝑟𝑏1
𝑟𝑏2
)+𝑠]
ℎ𝑘𝑎𝑘𝑟𝑝
+
𝜇𝑜𝐵𝑜[ln(
𝑟𝑒
𝑟𝑏1
)+𝑠]
ℎ𝑘𝑘𝑟𝑜
}.       (2.8) 
Three fluid banks – water, polymer, and oil – are assumed to be present in the near-wellbore 
region. Subsequently, by introducing the resistance factor, Rf, and residual resistance 
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factor, Rrf, Equation 2.8 can be expressed with one absolute permeability and aqueous-
phase viscosity. Rf and Rrf are defined as  
                 𝑅𝑓 =
𝑤𝑎𝑡𝑒𝑟 𝑚𝑜𝑏𝑖𝑙𝑖𝑡𝑦
𝑝𝑜𝑙𝑦𝑚𝑒𝑟 𝑚𝑜𝑏𝑖𝑙𝑖𝑡𝑦
=
(𝑘𝑘𝑟𝑤)/𝜇𝑤
(𝑘𝑎𝑘𝑟𝑝)/𝜇𝑝
,               (2.9) 
            𝑅𝑟𝑓 =
𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑏𝑒𝑓𝑜𝑟𝑒 𝑝𝑜𝑙𝑦𝑚𝑒𝑟
𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑎𝑓𝑡𝑒𝑟 𝑝𝑜𝑙𝑦𝑚𝑒𝑟
=
𝑘
𝑘𝑎
.       (2.10) 
Substituting Equation 2.9 and Equation 2.10 into Equation 2.8, Buell et al. (1990) obtained 
the following expression: 
    𝑚𝐻 = 141.2 {
𝑅𝑟𝑓𝜇𝑤[ln(
𝑟𝑏2
𝑟𝑤
)+𝑠]
ℎ𝑘𝑘𝑟𝑤
+
𝑅𝑓𝜇𝑤𝐵𝑤 ln(
𝑟𝑏1
𝑟𝑏2
)
ℎ𝑘𝑘𝑟𝑤
+
𝜇𝑜𝐵𝑜 ln(
𝑟𝑒
𝑟𝑏1
)
ℎ𝑘𝑘𝑟𝑜
}.      (2.11) 
In Equations 2.8 and 2.11, the non-Newtonian rheology is ignored so that apparent 
viscosity can be assumed to be constant through space. By demonstrating the method with 
field data, it was shown that the actual change in apparent viscosity through space is 
relatively small and can be approximated by a constant. Buell et al. (1990) also pointed out 
that when the bank in contact with the wellbore has moved out a substantial distance, the 
other terms can be dropped without significant error, and that the bank in contact with the 
wellbore can be assumed to extend to the drainage radius. As a result, in Equation 2.11, the 
three terms can be evaluated individually to determine whether the bank in contact with 
the wellbore will dominate and rearranged to account for any injection sequence (Buell et 
al., 1990).  
2.4.2 Gas Injection 
The process of gas flow through porous media is complicated due to the complexity 
of gas compressibility, pressure dependence of properties, and relative permeability 
variations during injection (Talabi, 2016). Talabi (2016) investigated the applicability and 
modifications of the Hall plot method for gas injection, particularly for the “single-phase 
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gas injection into a gas phase” case. More specifically, two formulations – one high-
pressure and one low-pressure – were derived and verified using a numerical model.  
For the low-pressure gas injection case, Talabi arrived at a modified Hall plot 
expressed as 
                 ∑ [
(𝑃𝑤𝑖
2 −𝑃𝑅
2
?̅??̅?
Δ𝑡] =
𝑄𝑔
𝐶1
,                       (2.12) 
where Pwi is the injection well bottom hole pressure, PR is the average reservoir pressure, 
?̅? is the viscosity evaluated at ?̅?, 𝑧̅ is the gas compressibility factor evaluated at ?̅?, ?̅? is the 
average of reservoir and bottom hole pressures, Qg is the cumulative gas injection volume, 
and C1 is a constant equal to 0.000707kh/T. Equation 2.12 can then be plotted as a straight 
line with slope 1/C1 (Talabi, 2016). For the high-pressure gas injection case in which the 
pressures are typically above 4,000 psia, Talabi (2016) derived the modified Hall plot 
expression as 
                          ∑(𝑃𝑤𝑖 − 𝑃𝑅)Δ𝑡 =
𝑄𝑔
2𝐶2
                    (2.13) 
where C2 is a constant equal to 
?̅?
?̅??̅?
. Equation 2.13 can then be plotted as a straight line with 
slope 1/2C2 (Talabi, 2016). The modified Hall method for low- and high-pressure gas 
injection scenarios were verified using reservoir simulation. Figure 2.2 and 2.3 show the 
modified Hall plots for low- and high-pressure approximations. In both cases, the modified 
Hall plots remove the nonlinearity in compressibility and viscosity associated with gas 
flow; and only true change in skin is indicated by a change in slope (Talabi, 2016). 
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Figure 2.2: Modified Hall plot for low-pressure gas injection (Talabi, 2016).  
 
Figure 2.3: Modified Hall plot for high-pressure gas injection (Talabi, 2016). 
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2.4.2 Modified-Hall Plot Methods 
Based on the conventional Hall’s method, Silin et al. (2005) proposed a new method 
called slope analysis. This method analyzes the variation of the slope of the plot of the time 
integral of pressure versus cumulative injection volume. More specifically, the slope 
analysis gives an estimate of an apparent reservoir pressure, which is subsequently used to 
correct the Hall plot analysis or to map the average reservoir pressure over several patterns 
or an entire waterflood project (Silin et al., 2005).  
Silin et al. (2005) pointed out that, the simplicity of Hall’s method can be deceiving. 
In fact, an accurate Hall plot interpretation requires knowledge about the reservoir pressure 
at the distance equal to the mean influence radius of the well (Silin et al., 2005). Therefore, 
if Hall’s method is applied without knowing the effective ambient reservoir pressure, the 
interpretation of changes in Hall slope may be incorrect. To address this issue, Silin et al. 
(1990) started by analyzing the Hall plot to extract information on the effective reservoir 
pressure, Pe, and well injectivity. They first denoted the Hall integral and cumulative water 
injection as 
        Π(𝑡) = ∫ 𝑃𝑤(𝜏)𝑑𝜏
𝑡
𝑡0
 and 𝑉(𝑡) = ∫ 𝑄(𝜏)𝑑𝜏
𝑡
𝑡0
.           (2.14) 
To calculate the slope of the Hall plot, one needs to evaluate the derivative 
                            𝑆 =
𝑑Π
𝑑𝑉
.                           (2.15) 
From Equation 2.12, S can be expressed as 
                            𝑆 =
𝑃𝑤
𝑄
.                           (2.16) 
Under steady-state radial flow, downhole wellbore pressure Pw can be expressed as 
                               𝑃𝑤 = 𝑃𝑒 + 𝑏𝑄,                      (2.17)                    
where 𝑏 =
𝜇
2𝜋𝑘𝐻
𝑙𝑛
𝑟𝑒
𝑟𝑤
. Then, from Equation 2.14 and 2.15, at quasi steady-state conditions, 
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                          𝑆 =
𝑃𝑒
𝑄
+ 𝑏.                          (2.18) 
Equation 2.16 implies that the slope of S is a linear function of 1/Q. Since injection rate Q 
and slope S can be directly obtained from measurement, both the ambient reservoir 
pressure, Pe and the well injectivity parameter, b, can be obtained from Equation 2.16 by 
linearly fitting the plot of S versus 1/Q. Silin et al. (2005) named this method slope analysis. 
Figure 2.2 and 2.3 show a set of simulated injection rate and pressure data that can be 
analyzed using the slope analysis method. As shown in Figure 2.4, the vertical jumps in 
the slope plot indicate step increase of injection rate. Since the displacements are parallel, 
they express changes in the injectivity parameter b. Silin et al. (2005) pointed out that, 
given that the formation properties did not change in these simulated data, the changes in 
b were entirely due to the expansions of the influence zone radius caused by the increasing 
injection rate and pressure. Furthermore, the ambient reservoir pressure, Pe, estimated from 
the slope plot is less than 1% different from the exact ambient pressure used in these 
simulations, proving the applicability of slope analysis method (Silin et al., 2005). 
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Figure 2.4: Injection rate with step increase. (Silin et al., 2005) 
 
Figure 2.5: Computed pressure profile corresponding to injection rate. (Silin et al., 
2005) 
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Figure 2.6: Slope plot analysis. (Silin et al., 2005) 
Izgec and Kabir (2009) presented a reformulation of the Hall method involving 
updating the outer-bank pressure, or Pe, at every time step using transient and 
pseudosteady-state approaches. Additionally, they demonstrated that comparing and 
contrasting the derivative curve with the Hall integral could provide definitive clues on 
fracturing, nonfracturing, and plugging of the formation. More specifically, two curves 
trace the same path in matrix-dominated flow without fracturing or formation plugging. 
The derivative curve separates downward from the Hall curve in a fracturing condition and 
upward in a formation plugging condition. Figure 2.7 demonstrates the application of the 
Hall plot and its derivative plot on identifying change in injection conditions. In this case, 
Phase I represents early-time matrix injection, followed by formation plugging in Phase II; 
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finally, in Phase III, the formation is fractured as seen from the downward separation of 
the derivative curve from the Hall plot (Izgec and Kabir, 2009). 
 
Figure 2.7: Normal injection, plugging, and fracturing identified. (Izgec and Kabir, 
2009) 
Izgec and Kabir (2009) first used the pseudosteady-state approximation to calculate 
pressure inside the waterbank, which is expressed as  
P𝑒 = 𝑃𝑤𝑓 −
𝑖𝑤𝐵𝜇
2𝜋𝑘ℎ
[
𝑟𝑜
2
(𝑟𝑜
2−𝑟𝑤
2)
ln (
𝑟𝑒
𝑟𝑤
) −
1
2
(𝑟𝑒
2−𝑟𝑤
2
(𝑟𝑜
2−𝑟𝑤
2)
+ 𝑠∗],            (2.19) 
where iw is the water-injection rate in STB/D,ro is the outer reservoir radius in ft, s
* is the 
dimensionless pseudoskin. re, the water-bank radius in ft, can be calculated using 
                        𝑟𝑒 = (
5.615𝑊𝑖𝐵
𝜋ℎ∅(1−𝑆𝑜𝑟)
)1/2,                    (2.20) 
where Sor is the residual oil saturation, Wi is the cumulative water injection in STB, and ∅ 
is the porosity of the reservoir. Using the line-source solution for transient flow during 
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injection, it was shown that pseudoskin can be updated continuously with the following 
equation 
                    𝑠∗ =
1
0.868
[
𝑏
𝑚
− log (
𝑘
∅𝜇𝑐𝑡𝑟𝑤
2) + 3.23],            (2.21) 
where m is the semilog slope in psi/log-cycle and equals to 162.6Bμ/kh. 
A series of steps were proposed for generating the diagnostic graphs for Hall 
integral and its derivative. Izgec and Kabir (2009) summarized the methodology as the 
following: 
1. Calculate s* with Equation 2.21. 
2. Calculate cumulative injection. 
3. Calculate water-bank radius re with Equation 2.20. 
4. Calculate water-bank pressure Pe with Equation 2.19. 
5. Calculate numeric derivative of the Hall integral using  
        D𝐻𝐼𝑛 =
𝑑 ∫(𝑝𝑤𝑓−𝑝𝑒)𝑑𝑡
𝑑𝑙𝑛(𝑊𝑖)
≅
𝐼𝐻
𝑛+1−𝐼𝐻
𝑛
ln(𝑊𝑖)𝑛+1−ln(𝑊𝑖)𝑛
 ,         (2.22) 
         where I𝐻 = ∫(𝑝𝑤𝑓 − 𝑝𝑒)𝑑𝑡. 
 This modification of the Hall’s method was proven to be much more discriminating 
for yielding the desired diagnostic clues when applying to field examples. The 
reformulation of the injection bank and pressure at the water/oil interface makes the 
diagnostic plots more robust and appropriate for pre- and post-breakthrough situations. 
Also, when using the Hall integral and its derivative curve together, unambiguous 
diagnosis of a well’s performance status can be obtained (Izgec and Kabir, 2009). 
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2.5 HORIZONTAL WELL THEORIES 
2.5.1 Introduction 
As stated, the conventional Hall’s method was developed based on a vertical 
wellbore. In this research, in order apply Hall’s method on horizontal wells, it is important 
to first review theories of horizontal wells. As shown in Figures 2.8 and 2.9, a vertical well 
drains a cylindrical volume, whereas a horizontal well drains a three-dimensional ellipse, 
which is expected to have a larger volume than a vertical well. Figure 2.10 shows a vertical 
well with a fully penetrating and infinite conductivity fracture that covers the entire 
reservoir height, h. A horizontal well, shown in Figure 2.11, then can be considered as a 
special case of the fractured vertical well if the height of the fracture is reduced to the 
horizontal wellbore diameter (Joshi, 1991). 
 
Figure 2.8: A schematic of vertical well drainage area. (Joshi, 1991) 
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Figure 2.9: A schematic of horizontal well drainage area. (Joshi, 1991) 
 
Figure 2.10: A schematic of a fractured vertical well. (Joshi, 1991) 
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Figure 2.11: A schematic of a horizontal well. (Joshi, 1991) 
2.5.2  Skin Factor 
The concept of skin factor was first introduced to the petroleum industry by Van 
Everdingen and Hurst (1949) when they noticed that the measured bottom-hole flowing 
pressure was less than the calculated theoretical value for a given flow rate (Joshi, 1991). 
This pressure drop was found to be associated with a small zone of changed permeability 
around the wellbore caused by formation damage. Van Everdingen and Hurst associated 
pressure drop as a skin factor effect and defined the skin pressure drop in damaged wells 
as 
                   𝑠 =  
𝑘ℎ(∆𝑝)𝑠𝑘𝑖𝑛
141.2𝑞𝜇𝑜𝐵𝑜
.                        (2.23) 
This definition, however, only works well in damaged wells. When the skin factor is 
negative, fluid flows from the wellbore into the formation and incurs mathematical and 
physical difficulties in interpreting Equation 2.23. To overcome this problem, Hawkins 
introduced another expression of the skin factor in terms of the skin zone radius rs, skin 
zone permeability ks, wellbore radius rw, and formation permeability k (Figure 2.12):  
                       𝑠 = [(
𝑘
𝑘𝑠
) − 1] ln (
𝑟𝑠
𝑟𝑤
).               (2.24)  
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Figure 2.12: A schematic of well with a damaged zone (skin damage) (Joshi, 1991). 
2.5.3 Skin Damage for Horizontal Wells 
Often skin factors are estimated using drill stem testing or pressure build-up tests 
(Joshi, 1991). Once skin factors are known, pressure drops across the damaged zone can 
be estimated from reformulating Equation 2.23. The vertical well pressure drops in the skin 
region can then be expressed as 
                  (∆𝑝)𝑠𝑘𝑖𝑛 = 𝑠(
141.2𝜇𝑜𝐵𝑜
𝑘
)(
𝑞
ℎ
).                 (2.25) 
As can be seen from Equation 2.25, (∆𝑝)𝑠𝑘𝑖𝑛 depends on q/h, the rate of fluid entry per 
unit length of the wellbore. Similarly, for horizontal wells, skin pressure drops can be 
approximated as  
                     (∆𝑝)𝑠𝑘𝑖𝑛 = 𝑠(
141.2𝜇𝑜𝐵𝑜
𝑘
)(
𝑞
𝐿
).                 (2.26) 
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Since the rate of fluid entry into wellbore per unit length of a horizontal well is much 
smaller than that of a vertical well, the pressure loss in the skin region in a horizontal well 
is also smaller than that in a vertical well, for a given positive skin factor s. 
Correspondingly, for a given skin damage, the stimulation treatment to remove near-
wellbore damage would have less effect on the productivity of a horizontal well than on a 
vertical well (Joshi, 1991). However, because of the additional drilling time associated with 
horizontal wells, they may show much more near-wellbore damage than vertical wells, 
especially when drilling in low-permeability reservoirs (Joshi, 1991). Therefore, proper 
procedures must be adopted to cleanup and/or minimize the damage.  
2.5.4 Effect of Anisotropy 
 The discussion in previous sections is restricted to reservoirs with homogeneous 
and isotropic permeabilities where kx = ky. However, in reality, such reservoirs may never 
exist. Therefore, it is important to consider the effects of anisotropy. For instance, as shown 
in Figure 2.13, in a naturally fractured reservoir, the permeability along fractures is larger 
than the permeability perpendicular to fractures. In this case, a vertical well would drain 
more length along the direction of the fractures (Joshi, 1991). More specifically, Joshi 
(1991) pointed out that an areally anisotropic reservoir would be the equivalent of a 
reservoir with an effective horizontal permeability of √𝑘𝑥𝑘𝑦, and the length along the high-
permeability side is √𝑘𝑥/𝑘𝑦 times the length along a low-permeability side.  
 However, in such anisotropic reservoirs, it is difficult to drain larger reservoir 
length in the low permeability direction using vertical wells (Joshi, 1991). A horizontal 
well drilled along the low permeability direction, on the other hand, is capable of draining 
a significantly larger area than a vertical well, as shown in Figure 2.14. As a result, 
horizontal wells can be beneficial when drilling in anisotropic and/or naturally fractured 
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reservoirs. Similar to a vertical well, in a fractured reservoir where permeability in one 
direction is higher than the other, the horizontal well would accordingly drain a larger 
length in the high-permeability direction by a factor of √𝑘𝑥/𝑘𝑦, where ky represents the 
higher permeability in the vertical plane, and kx represents lower permeability in the 
horizontal plane (Joshi, 1991).  
 
Figure 2.13: An example of drainage areas of a vertical well in isotropic and anisotropic 
reservoirs. (Joshi, 199) 
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Figure 2.14: Drainage areas of horizontal and vertical wells in a fractured reservoir. 
(Joshi, 1991)  
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2.5.5 Steady-State Analytical Solutions of Horizontal Wells 
Since the Hall’s method is a steady-state monitoring technique, steady-state 
solutions of horizontal wells are reviewed in this section. As Joshi (1991) pointed out, as 
the simplest form of horizontal well solutions, the steady-state solutions are widely used in 
the industry because (1) they are easy to derive analytically; (2) it is easy to convert steady-
state results to pseudo-steady state or transient results; and (3) steady-state mathematical 
results can be verified experimentally. In the literature, several equations are available and 
can be used to solve for the steady-state flow rate in a horizontal well. These solutions are 
summarized below. 
Borisov: 
              𝑞ℎ = 
2𝜋𝑘ℎℎ∆𝑝/(𝜇0𝐵0)
𝑙𝑛[(4𝑟𝑒ℎ/𝐿)]+(
ℎ
𝐿
)ln [
ℎ
2𝜋𝑟𝑤
]
.          (2.27) 
Giger: 
            𝑞ℎ = 
2𝜋𝑘ℎ𝐿∆𝑝/(𝜇0𝐵0)
(
𝐿
ℎ
)𝑙𝑛(
1+√1−[𝐿/(2𝑟𝑒ℎ)]
2
𝐿/(2𝑟𝑒ℎ
)+ln [
ℎ
2𝜋𝑟𝑤
]
 .   (2.28) 
Renard and Dupuy: 
              𝑞ℎ = 
2𝜋𝑘ℎℎ∆𝑝/(𝜇0𝐵0)
𝑐𝑜𝑠ℎ−1(𝑋)+(
ℎ
𝐿
)ln [
ℎ
2𝜋𝑟𝑤
]
,                   (2.29) 
where X = 2a/L for ellipsoidal drainage area, a = half the major axis of drainage ellipse. 
 Joshi: 
           𝑞ℎ = 
2𝜋𝑘ℎℎ∆𝑝/(𝜇0𝐵0)
𝑙𝑛[
𝑎+√𝑎2−(
𝐿
2)
2
𝐿/2
]+(
ℎ
𝐿
)ln [
ℎ
2𝜋𝑟𝑤
]
,                   (2.30) 
             𝑎 = (𝐿 2⁄ ) [0.5 +
√0.25 + (
2𝑟𝑒ℎ
𝐿
)
4
]
0.5
.     (2.31) 
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From equation 2.27 to 2.31, L represents horizontal well length, h represents reservoir 
height, rw represents wellbore radius, reh represents drainage radius of horizontal wells, 𝜇𝑜 
is oil viscosity, Bo is oil formation volume factor, ∆𝑝 is pressure drop from the drainage 
boundary to the wellbore, and qh is flow rate of a horizontal well. All the above solutions 
are for isotropic reservoirs where kh = kv. Converting equation 2.30 to U.S oil field units, 
equation 2.30 becomes 
                𝑞ℎ = 
0.007078𝑘ℎℎ∆𝑝/(𝜇0𝐵0)
𝑙𝑛[
𝑎+√𝑎2−(
𝐿
2)
2
𝐿/2
]+(
ℎ
𝐿
)ln [
ℎ
2𝜋𝑟𝑤
]
,          (2.32) 
where qh is oil flow rate in STB/day, kh is horizontal permeability in mD, h is reservoir 
thickness in ft, ∆𝑝 is pressure drop from the drainage radius to the wellbore in psi, 𝜇0 is oil 
viscosity in cp, Bo is formation volume factor in RB/STB, L is horizontal well length in ft, 
and rw is wellbore radius in ft. 
 For anisotropic reservoirs where kh ≠ kv, Joshi (1991) modified the steady-state 
equation to include the effect of reservoir anisotropy. Such a modification is shown in 
Equation 2.33: 
          𝑞ℎ = 
0.007078𝑘ℎℎ∆𝑝/(𝜇0𝐵0)
𝑙𝑛[
𝑎+√𝑎2−(
𝐿
2)
2
𝐿/2
]+(
𝛽ℎ
𝐿
)ln [
𝛽ℎ
2𝑟𝑤
]
,                 (2.33) 
where 𝛽 = √𝑘ℎ/𝑘𝑣. 
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Chapter 3:  Hall Plot Method for Horizontal Wells 
3.1 DERIVATION OF HALL PLOT METHOD FOR HORIZONTAL WELLS 
To apply Hall’s method for horizontal wells, we start with Joshi’s (1991) equation 
for fluid flow into horizontal wells: 
       𝑞ℎ =
𝑘𝑟𝑤𝑘ℎ∆𝑃
141.2𝜇𝑤𝐵𝑤
[
 
 
 
 
ln
(
 
 𝑎+
√𝑎2−(
𝐿
2)
2
𝐿
2⁄
)
 
 
+(ℎ 𝐿⁄ ) ln(
ℎ
2𝑟𝑤⁄
)+𝑆
]
 
 
 
 
 ,         (3.1) 
where 𝑎 = (𝐿 2⁄ ) [0.5 +
√0.25 + (
2𝑟𝑒ℎ
𝐿
)
4
]
0.5
, and reh represents drainage radius of a 
horizontal well. To obtain a similar form as the original Hall’s method, we integrate both 
sides with respect to time and get  
       𝑊𝑖−ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 =
𝑘𝑟𝑤𝑘ℎ ∫(𝑃𝑤𝑓−𝑃𝑒)𝑑𝑡
141.2 𝐵𝑤𝜇𝑤[ln
(
 
 𝑎+
√𝑎2−(
𝐿
2)
2
𝐿
2⁄
)
 
 
+(ℎ 𝐿⁄ ) ln(
ℎ
2𝑟𝑤⁄
)+𝑆]
.     (3.2) 
Rearranging and substituting Equation into 3.2, we arrive at an equation for building a Hall 
plot for a horizontal well:  
∫𝑃𝑡𝑓𝑑𝑡 =
141.2𝐵𝑤𝜇𝑤
[
 
 
 
ln
(
 
𝑎 + √𝑎2 − (
𝐿
2)
2
𝐿
2⁄
)
 + (ℎ 𝐿⁄ ) ln (
ℎ
2𝑟𝑤
⁄ ) + 𝑆
]
 
 
 
𝑘𝑟𝑤𝑘ℎ
𝑊𝑖−ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 
           + ∫(𝑃𝑒 − Δ𝑃𝑓 + 𝜌𝑔𝐷)𝑑𝑡.                                  (3.3)                                                                                                 
The slope of the Hall plot for horizontal well is then  
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       𝑚𝐻−ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 =
141.2𝐵𝑤𝜇𝑤[ln
(
 
 𝑎+
√𝑎2−(
𝐿
2)
2
𝐿
2⁄
)
 
 
+(ℎ 𝐿⁄ ) ln(
ℎ
2𝑟𝑤
⁄ )+𝑆]
𝑘𝑟𝑤𝑘ℎ
.     (3.4)                                     
3.2 SIMULATION MODEL DESCRIPTION 
During water injection, injected water may contain particles that plug the pore 
throats and subsequently reduce the permeability in the near-wellbore region. This 
reduction in permeability leads to a positive skin factor. If all the other factors remain 
constant, this change in skin factor, from 0 to a positive number, will increase the slope of 
a Hall plot. To verify Hall method’s applicability on horizontal wells, reservoir simulation 
models are built and run using CMG. A base case with no formation damage is first 
constructed as a reference. Scenarios in which the presence of single skin zone and multiple 
skin zones in both horizontal and vertical wells are then built for comparison. The details 
of the simulation model are described in this section.  
3.2.1 Base Case – Horizontal Well with No Formation Damage 
For the base case, the reservoir is assumed to be rectangular, with a dimension of 
4000 ft in the i-direction, 2400 ft in the j-direction, and 400 ft in the k-direction. The 
reservoir is gridded using Cartesian system, with 50 grid blocks in the i-direction, 30 grid 
blocks in the j-direction, and 5 grid blocks in the k-direction. The top of the reservoir is at 
5000 ft below the surface. A 3D view of the reservoir is shown in Figure 3.1. Table 3.1 
summarizes reservoir properties used in the base case. The reservoir rock is assumed to be 
water-wet and initially saturated with gas. The relative permeability correlation parameters 
used is shown in Table 3.2. The relative permeability curves are generated using the 
correlation 
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𝑘𝑟𝑤 = 𝑘𝑟𝑤𝑖𝑟𝑜  ×  [
𝑆𝑤 − 𝑆𝑤𝑐𝑟𝑖𝑡
1 − 𝑆𝑤𝑐𝑟𝑖𝑡 − 𝑆𝑜𝑖𝑟𝑤 
]
𝑁𝑤
 
𝑘𝑟𝑔 = 𝑘𝑟𝑔𝑐𝑙  ×  [
𝑆𝑔 − 𝑆𝑔𝑐𝑟𝑖𝑡
1 − 𝑆𝑔𝑐𝑟𝑖𝑡 − 𝑆𝑤𝑐𝑜𝑛 
]
𝑁𝑔
 
The relative permeability curves for water and gas are shown in Figure 3.2. The effects of 
capillary pressure are included. The capillary pressure curve, shown in Figure 3.3, is 
generated from Leverett-J function.  
 
Figure 3.1: 3D view of reservoir. 
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Parameter Value 
Porosity 0.1 
Permeability I (md) 10 
Permeability J (md) 10 
Permeability K (md) 10 
Initial Reservoir Pressure (psi) 4000 
Initial Water Saturation 0.25 
Rock Compressibility (psi-1) 1e-6 
Table 3.1: Reservoir properties for base case. 
Parameter Value 
Swcon – Endpoint Saturation: Connate Water 0.25 
Swcrit – Endpoint Saturation: Critical Water 0.25 
Sgcon – Endpoint Saturation: Connate Gas 0.2 
Sgcrit – Endpoint Saturation: Critical Gas 0.2 
krwiro – krw at 100% water 0.8 
krgcl – krg at Connate Liquid 0.8 
Exponent for calculating krw from krwiro 2 
Exponent for calculating krg from krgcl 2 
Table 3.2: Relative permeability correlations. 
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Figure 3.2: Relative permeability curves. 
 
Figure 3.3: Capillary Pressure Curve. 
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For the base case, a horizontal injection well is built in the model. The horizontal 
section of the well is oriented in I direction, with a well radius of 0.25 ft. The depth of the 
horizontal section is located at 5,200 ft, which is in the middle of the reservoir. The well is 
2,000 ft long, with a perforation spacing of 160 ft and a total of 13 perforations. The 
injected fluid is assumed to be water. The well is assumed to be operated with a constant 
surface water injection rate of 6,000 bbl/day. A 3D view of the horizontal well is shown in 
Figure 3.4.  
 
Figure 3.4: 3D view of horizontal injection well. 
For the base case, it is assumed that no formation damage or stimulation is induced 
in the near-wellbore region. Water is injected for a total period of 10 days. Through 
simulation, bottom hole pressure and injected fluid volume data are generated. The data is 
then further analyzed using Hall’s method and will be discussed in Chapter 4.  
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3.2.2 Damaged Case – Horizontal Well with 1 Damaged Skin Zone 
As particles in the injected fluid gradually plug the pore throats, the formation is 
damaged, and this is reflected in a decrease in permeability in the near-wellbore region. To 
illustrate this reduction in permeability, a damaged case with a single damaged skin zone 
is constructed. The grid blocks are locally refined in the near-wellbore region, which is 
shown in Figure 3.5. At day 5 during water injection, a near-wellbore skin zone of reduced 
permeability is added. The reduced permeability zone is assumed to have a radius of 80 ft, 
extending from the wellbore into the formation in I, J, and K directions. Three scenarios 
with different extents of formation damage (25%, 50% and 75% of permeability reduction 
in the skin zone) are built. As stated in the base case, the undamaged permeability in the 
formation is 10md. The damaged permeability for the three scenarios are then 7.5md, 5md, 
and 2.5md, respectively. Figure 3.6 shows a 3D view of the horizontal well with a single 
damaged zone in the near-wellbore region. The blue region indicates the damaged skin 
zone. 
 
Figure 3.5: Locally refined grid in the near-wellbore region.  
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Figure 3.6: 3D view of horizontal well with 1 damaged zone.  
3.2.3 Damaged Case – Horizontal Well with 2 Damaged Skin Zones 
This study further investigates Hall’s method’s applicability on a more complicated 
case – damaged case with 2 skin zones. In this case, during the injection period, it is 
assumed that no damage occurs from day 0 to day 3; a single skin zone with permeability 
of 7.5 md is generated from day 3 to day 5; the permeability of this single skin zone is 
decreased to 5 md starting from day 5; and a second skin zone with permeability of 7.5 md 
is added adjacent to the original skin zone. Figure 3.7 shows a 3D view of the horizontal 
well with 2 damaged zones in the near-wellbore region. The red color represents the 
undamaged reservoir; the blue color represents the skin zone where permeability is reduced 
to 5 md; the green color represents the skin zone where permeability is reduced to 7.5 md. 
Similar to the 1 damaged zone case, the simulation is run to test Hall method’s applicability 
on water injection with 2 damaged zones present.  
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Figure 3.7: 3D view of horizontal well with 2 damaged zones. 
3.2.4 Vertical Well with No Formation Damage 
As stated, one of the objectives of this research is to compare the effects of skin 
damage between horizontal and vertical wells drilled in a similar environment by using the 
Hall plot method. To do so, a vertical well model is built, using the same parameters as 
used in the horizontal well model. A 3D view of the vertical well is shown in Figure 3.8. 
The well is assumed to be drilled right in the middle of reservoir. The reservoir properties 
remain unchanged as compared to the horizontal well cases. The depth of the vertical well 
is 5,400 ft. The well is producing from 5,000 ft to 5,400 ft.  
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Figure 3.8: 3D view of vertical injection well. 
It is assumed that no formation damage or stimulation is induced in the near-
wellbore region of the vertical well. Water is injected for a total period of 10 days. 
Simulation results are compared with those of the horizontal well case and will be 
discussed in the Chapter 4.  
3.2.5 Vertical Well with 1 Damaged Skin Zone 
Using similar setup to that used in the damaged-horizontal well cases, a model of a 
vertical well with one damaged skin zone is built to investigate and compare the extent of 
formation damage between horizontal and vertical wells. In the same way as in the 
damaged-horizontal well case, at day 5 during water injection, a near-wellbore skin zone 
of reduced permeability is added. The reduced permeability zone is assumed to have a 
radius of 80 ft, extending from the wellbore into the formation in I, J, and K directions. 
Three scenarios with different extents of formation damage (25%, 50% and 75% of 
permeability reduction in the skin zone) are built. As stated in the base case, the undamaged 
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permeability in the formation is 10 mD. The damaged permeability for the three scenarios 
are then 7.5 mD, 5 mD, and 2.5 mD, respectively. Figure 3.9 shows a cross-sectional view 
of the vertical well with one damaged zone in the near-wellbore region. The blue region 
indicates the damaged skin zone. 
 
Figure 3.9: Cross-sectional view of the vertical well with 1 damaged zone. 
3.2.6 Vertical Well with 2 Damaged Skin Zones 
Following the case of damaged-horizontal well with two skin zones, a vertical well 
model with the same formation damage scenarios is built. Similarly, in this case, during 
the injection period, it is assumed that no damage occurs from day 0 to day 3; a single skin 
zone with permeability of 7.5 mD is generated from day 3 to day 5; the permeability of this 
single skin zone is decreased to 5 mD starting from day 5; and a second skin zone with 
permeability of 7.5 mD is added adjacent to the original skin zone. Figure 3.10 shows a 
cross-sectional view of the vertical well with 2 damaged zones in the near-wellbore region. 
The red color represents the undamaged reservoir; the blue color represents the skin zone 
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where permeability is reduced to 5 mD; the green color represents the skin zone where 
permeability is reduced to 7.5 mD.  
 
Figure 3.10: Cross-sectional view of the vertical well with 2 damaged skin zones. 
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Chapter 4: Results and Discussion 
4.1 ANALYZING HORIZONTAL WELL INJECTIVITY USING HALL PLOT 
4.1.1 Base Case – Horizontal Well with No Formation Damage 
As stated in Chapter 3, a base case of a horizontal well with no formation damage 
was built and run to generate pressure and water injection data. The simulation was run 
assuming a water injection period of 10 days with a rate of 6,000 bbl/day. To produce a 
Hall plot for the base case, the pressure integral with respect to time was calculated and 
plotted against the cumulative water injection volume, as shown in Figure 4.1. A linear 
relationship was used to fit the data points. After fitting the data, the Hall plot slope was 
calculated to be 0.74 for the base case. The straight line, or constant slope, indicates that 
the horizontal well’s injectivity remains unchanged, which corresponds to the undamaged 
scenario with a skin factor of 0. 
 
Figure 4.1: Hall plot for horizontal well without damage. 
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4.1.2 Damaged Case – Horizontal Well with 1 Damaged Skin Zone 
For the damaged horizontal well cases, the simulation was run to generate pressure 
and rate data, which were plotted using the Hall plot method. For the 1 skin zone case, 
three scenarios – 25%, 50%, and 75% permeability reduction in the near-wellbore region 
– were investigated. As shown in Figure 4.2, as the horizontal well becomes damaged, an 
increase in the Hall slope is observed in all three scenarios. Also, as the extent of formation 
damage increases, the Hall slope becomes larger. Table 4.1 summarizes the calculated Hall 
slope values for the three scenarios as compared to the undamaged case. Since all the 
parameters except for the skin factor remain unchanged across the three scenarios, the 
change in Hall slope can be seen as a direct indication of change in skin factor, in other 
words, formation damage. Therefore, the results demonstrate that the Hall plot method can 
be used to analyze changes in the horizontal well’s injectivity due to formation damage. 
 
Figure 4.2: Hall plot – damaged horizontal well with 1 skin zone. 
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Case Hall Slope 
No damage 0.74 
25% permeability reduction 1.06 
50% permeability reduction 1.23 
75% permeability reduction 1.69 
Table 4.1: Hall slopes for horizontal well with 1 skin zone.  
4.1.3 Damaged Case – Horizontal Well with 2 Damaged Skin Zones 
The study further investigates the use of the Hall plot in a horizontal well with 
multiple damaged skin zones. As described in Section 3.2.3, a damaged case with two skin 
zones was built and run. The pressure integral and cumulative water injection data were 
plotted using the Hall plot method, as shown in Figure 4.3. Table 4.2 summarizes the 
calculated Hall slopes of the 2 skin zones case. An increase in Hall slope is observed when 
the undamaged horizontal well becomes damaged with 1 skin zone. As the damage radius 
increases and a second skin zone is generated, and another slight increase in the Hall slope 
is observed. However, in reality, where the permeability profile in the near-wellbore region 
is much more complex and skin zones are less distinguishable, the changes in Hall slope 
cannot be simply interpreted as a change in the number of skin zones. In fact, the value of 
the Hall slope is a combinational effect of multiple reservoir parameters as well as the skin 
factor. Therefore, to give more precise interpretation of the injectivity of a horizontal well, 
additional measures, along with the Hall plot method, need to be considered.  
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Figure 4.3: Hall plot – damaged case with 2 skin zones. 
Case Hall Slope 
No damage 0.74 
1 Skin Zone 1.06 
2 Skin Zones 1.23 
Table 4.2: Hall slopes for horizontal well with 2 skin zones. 
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4.2 COMPARISON OF HORIZONTAL VS. VERTICAL WELL INJECTIVITY USING HALL 
PLOTS 
4.2.1 Hall Plots for Damaged Vertical Well 
As stated in Chapter 2, since the rate of fluid entry into the wellbore per unit length 
of a horizontal well is much smaller than that of a vertical well, the pressure loss in the skin 
region in a horizontal well is also smaller than that in a vertical well, for a given positive 
skin factor s. Here, the study extends to a comparison of horizontal versus vertical well 
injectivity using the Hall plot method. As described in Section 3.2.4 – 3.2.6, simulations 
were run for vertical well with no formation damage, 1 skin zone, and 2 skin zone cases. 
The pressure integral and water injection data were plotted using Hall plot method, as 
shown in Figure 4.4 and 4.5. The Hall slopes are summarized in Table 4.1 and Table 4.2. 
Similar to the horizontal well cases, increases in Hall slopes are observed when the extent 
of formation damage and/or number of skin zones increases.  
 
Figure 4.4: Hall plot – damaged vertical well with 1 skin zone. 
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Case Hall Slope 
No damage 0.89 
25% permeability reduction 1.71 
50% permeability reduction 2.13 
75% permeability reduction 3.30 
Table 4.3: Hall slopes for vertical well with 1 skin zone. 
 
Figure 4.5: Hall plot – vertical well with 2 skin zones.  
Case Hall Slope 
No Damage 0.89 
1 Skin Zone 1.67 
2 Skin Zones 2.11 
Table 4.4: Hall slopes for vertical well with 2 skin zones. 
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4.2.2 Skin factors of horizontal vs. vertical wells 
To compare the injectivity between horizontal well and vertical wells, pressure and 
water injection data were plotted on the same Hall plot for both wells and for both 1 skin 
zone and 2 skin zones cases, as shown in Figure 4.6 and 4.7. As shown in the two figures, 
vertical wells shown steeper Hall slopes than horizontal well for all cases. The percentages 
of increase in Hall slopes were calculated. Using the Hall slopes determined from the plot 
and reservoir parameters used in the simulation models, skin factors for all cases were 
calculated and summarized in Table 4.5 and 4.6.  
 
Figure 4.6: Hall plot – horizontal vs. vertical well with 1 skin zone. 
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Figure 4.7: Comparison of Hall plots between horizontal and vertical wells. 
Case Vertical 
Well Hall 
Slope 
% Change 
in Slope 
Calculated 
Skin 
Horizontal 
Well Hall 
Slope 
% Change 
in Slope 
Calculated 
Skin 
No 
Damage 
0.89 - 0 0.74 - 0 
25% Perm 
Reduction 
1.71 92.1% 17.4 1.06 43.2% 6.8 
50% Perm 
Reduction 
2.13 139.3% 26.3 1.23 66.2% 10.4 
75% Perm 
Reduction 
3.30 270.8% 51.2 1.69 128.4% 20.2 
Table 4.5: Calculated skin for damaged vertical and horizontal wells with 1 skin zone. 
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Case Vertical 
Well Hall 
Slope 
% Change 
in Slope 
Calculated 
Skin 
Horizontal 
Well Hall 
Slope 
% Change 
in Slope 
Calculated 
Skin 
No 
Damage 
0.89 - 0 0.74 - 0 
1 Skin 
Zone 
1.67 67.1% 16.6 1.06 43.2% 6.8 
2 Skin 
Zones 
2.106 136.6% 25.8 1.23 66.2% 10.4 
Table 4.6: Calculated skin for damaged vertical and horizontal wells with 2 skin zones. 
 Given the same reservoir and fluid parameters, it is observed that vertical wells tend 
to be more damaged than horizontal wells in terms of skin factors and Hall slopes in all 
cases. For the 1 skin zone cases, as a vertical well becomes damaged, the percentage 
increase in its Hall slope and skin factor are more than twice than those of a horizontal 
well. Similarly, for the 2 skin zone cases, a vertical well is also observed to be more 
damaged than a horizontal well. This simulation result is consistent with Joshi’s statement 
that, for a given positive skin factor, the pressure loss in the skin region in a horizontal well 
is smaller than that in a vertical well (Joshi, 1991). For the same reason, in reality, the 
stimulation treatment that is used to remove formation damage in horizontal wells may be 
less effective than in a vertical well drilled in the same environment. Therefore, it is 
important to optimize drilling design, minimize formation damage, and carefully select 
stimulation treatment for a horizontal well.  
4.2.3 Effect of anisotropy 
As discussed in Chapter 2, anisotropy in permeability can influence a well’s 
productivity. Here, the study takes anisotropy in horizontal and vertical wells into 
consideration. Simulation cases were constructed for anisotropic cases where the vertical 
permeability is several orders of magnitude smaller than the horizontal permeability. 
Similar to the isotropic cases, pressure integral and water injection data were plotted using 
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the Hall plot method. Figure 4.8 and 4.9 show the Hall plots for horizontal and vertical 
wells drilled in isotropic and anisotropic reservoirs where kv = 0.1kh and kv = 0.01kh; kv 
and kh represent the permeability in vertical and horizontal directions, respectively. Table 
4.7 and 4.8 summarizes the calculated Hall slopes and corresponding skin factors for these 
cases. As shown in Table 4.7, the Hall slopes only change minimally when an anisotropic 
reservoir becomes damaged, indicating minimal changes in water injectivity. Also, the 
calculated skin factors for damaged anisotropic reservoirs are also smaller than those of an 
isotropic reservoir. This indicates that, when drilling horizontal wells in an anisotropic 
reservoir where vertical permeabilities are several magnitudes smaller than horizontal 
permeabilities, formation damage does not significantly affect water injectivity. On the 
other hand, as can be seen from the increase in Hall slopes when the permeability in the 
vertical direction decreases from 0.1kh to 0.01kh, water injectivity also decreases. This 
indicates that anisotropy does have an effect on a horizontal well’s water injectivity.  
For a vertical well, the Hall plots in Figure 4.9 show that there is no injectivity 
difference between isotropic and anisotropic cases. In fact, the Hall plots of the three cases 
lie right on top of each other, indicating that the reduce of permeability in the vertical 
direction does not directly affect the injectivity of a vertical well. However, the results 
shown in Figure 4.9 assume that the direction of fluid flow is normal to the wellbore. When 
coning in the near-wellbore region occurs, fluid will flow in both vertical and horizontal 
directions. In this case, anisotropy could have an impact on the injectivity of a vertical well. 
More specifically, vertical wells usually exhibit a high pressure drawdown in the near-
wellbore region; and this pressure drawdown is one of the main reasons for water coning. 
Horizontal wells, on the other hand, show much less pressure drawdown and less 
tendencies of vertical flow in the vicinity of the wellbore than vertical wells. As a result, 
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horizontal wells could be more preferable than vertical wells in minimizing coning and 
sustaining high oil and gas production rates.  
It is important to note that the anisotropic simulation models assume that vertical 
permeabilities are smaller than horizontal permeabilities. This could represent scenarios 
where a reservoir is naturally fractured, with natural fractures being in the horizontal 
direction. In this case, a horizontal well drilled parallel to the natural fractures would not 
be as effective as a vertical well that is perpendicular to the natural fractures. However, if 
the natural fractures are oriented in the vertical direction (kv > kh), a horizontal well could 
drain more areas than a vertical well. In addition, the study already shown that horizontal 
well water injectivity only changes minimally when an anisotropic reservoir becomes 
damaged. Therefore, in this case, drilling a horizontal well could be much more beneficial 
than a vertical well in terms of drainage area as well as water injectivity.  
 
Figure 4.8: Comparison of Hall plots between isotropic and anisotropic horizontal 
wells. 
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Case Hall Slope Calculated Skin 
Isotropic – No Damage 0.74 0 
Isotropic – 75% Perm Reduction 1.69 20.2 
kv=0.1kh – No Damage 0.90 0 
kv=0.1kh – 75% Perm Reduction 0.94 0.86 
kv=0.01kh – No Damage 1.42 0 
kv=0.01kh – 75% Perm Reduction 1.52 2.12 
Table 4.7: Calculated Hall slopes for isotropic and anisotropic horizontal wells. 
 
Figure 4.9: Comparison of Hall plots between isotropic and anisotropic vertical wells. 
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Chapter 5 Summary and Conclusions 
In this research, the background, applications, and modifications of the Hall plot 
method were first revisited, followed by a formulation of the Hall plot method for 
horizontal wells. To verify the applicability of the method, numerical simulation models 
were built and run in CMG. The results show that – 
 The Hall plot method can be used to analyze changes in horizontal well’s 
injectivity due to formation damage. 
 The number of skin zones in the near-wellbore region cannot be directly 
captured in the changes in Hall slopes. The value of the Hall slope is a 
combinational effect of multiple reservoir parameters as well as the skin factor. 
To give more precise interpretation of the injectivity of a horizontal well, 
additional measures, along with the Hall plot method, need to be considered.  
 Given the same reservoir and fluid parameters, vertical wells tend to be more 
damaged than horizontal wells in terms of skin factors and Hall slopes. As a 
result, the stimulation treatment that is used to remove formation damage in 
horizontal wells may be less effective than in a vertical well drilled in the same 
environment. 
 Horizontal well water injectivity only changes minimally when an anisotropic 
reservoir becomes damaged. When drilling in an anisotropic and/or naturally 
fractured reservoir where vertical permeabilities are greater than horizontal 
permeabilities, drilling a horizontal well could be much more beneficial than a 
vertical well in terms of minimizing water coning and improving injectivity. 
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Nomenclatures 
Bw water formation volume factor 
Bo oil formation volume factor 
h reservoir thickness 
k absolute permeability 
ks skin zone permeability 
kx, kh permeability in horizontal direction 
ky, kv permeability in vertical direction 
krw water relative permeability 
krwiro krw at 100% water 
krg gas relative permeability 
krgcl krg at connate liquid 
L well length 
Nw exponent for calculating krw 
Ng exponent for calculating krg 
Ptf surface pressure 
Pwf wellbore pressure 
Pe reservoir pressure 
q flow rate 
qh flow rate in a horizontal well 
rb1 interface between oil and water banks 
rw wellbore radius 
re radius at water-oil front 
reh drainage radius of a horizontal well 
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rs  skin zone radius 
s skin factor 
Sw water saturation 
Swcrit endpoint saturation: critical water 
Soirw endpoint saturation: connate water 
Wi cumulative water injected 
 
Greek Symbols 
µ fluid viscosity 
ρ fluid density 
 matrix porosity 
ΔP pressure difference 
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